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“To set the stage for Heegner points, one may compare the state of the theory of elliptic curves over
the rationals. E/Q for short, in the 1960’s and in the 1970’s. [. . .] In the 1960’s, we were primarily
interested in the problem of determining the Mordell-Weil group E(Q), though there was much
other interesting apparatus waiting to be investigated. There was a good theory of descent, Selmer
and Tate-Shafarevich groups, and so forth: plenty of algebra. But there was hardly any useful
analytic theory, unless the elliptic curve had complex multiplication; E(C) was a complex torus,
beautiful maybe, but smooth and featureless, with nothing to get hold of. [. . .] Almost on cue,
Heegner points came along, specifically on modular curves! Suddenly, instead of being a featureless
homogeneous space, E(C) was a highly structured object, studded all over with canonically defined
families of points, with coordinates in known number fields.” (Brian Birch, [1]).

Confirming the numerical evidence gathered by Birch in the 1980’s, the Gross-Zagier formula

expressed the heights of Heegner points in the jacobian of the modular curve X0(N), in terms of the

first derivative at the central point of an associated Rankin L-series. A few years later, Kolyvagin

showed how the system of Heegner points on an elliptic curve controls the size and structure of its

Selmer group.

“Taken together, these two insights led to a complete proof of the Birch and Swinnerton-Dyer
conjecture (in its somewhat weaker form stipulating an equality between the rank of the elliptic
curve, and the order of vanishing of its L-series at s = 1) for all modular elliptic curves over Q whose
L-series has at most a simple zero at s = 1. The argument yielded a proof of the Shafarevich-Tate
conjecture for these curves as well. The subsequent proof of the Shimura-Taniyama conjecture in
1994 showed that the result of Gross-Zagier and Kolyvagin applies unconditionally to all elliptic
curves over the rationals. Both the Gross-Zagier formula and the techniques introduced by Kolyva-
gin have proved fertile, and generalizations in a variety of different directions were actively explored
throughout the 1990Õs.” (Henri Darmon, Shou-Wu Zhang, Preface to [2]).

The book under review covers precisely one of such generalizations. As described in its Preface, the aim

of the authors is to give a proof of a complete Gross-Zagier formula on quaternionic Shimura curves over

totally real fields. A precise statement of the result to be proved is given in Chapter 1 (it is Theorem 1.2

on page 9 of [3]), together with an outline of the proof. This outline, in turn, explains the organization and

content of the remaining seven chapters in the book, highly technical and addressed to specialists on the

subject.

References

[1] Bryan Birch, Heegner Points: the beginnings, in [2].

[2] Henri Darmon Shou-Wu Zhang, Heegner Points and Rankin L-Series, MSRI Publications Volume 49,

2004.

[3] Xinyi Yuan, Shou-Wu Zhang, Wei Zhang, The Gross-Zagier Formula on Shimura Curves, Annals of

Mathematics Studies 184, Princeton University Press 2013.

1


