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This book explains the main results known about differentiability of Lipschitz
functions f : X → Y , where X,Y are Banach spaces, as well as it presents, with full
proofs, new, important results of the authors which were only announced in previous
publications. Almost all of the following account is extracted from the authors’ very
informative introduction to the book.

If f : R → R is Lipschitz, it is known since Lebesgue’s times that f must be
differentiable almost everywhere (this follows immediately from Lebesgue’s theorem
on almost everywhere differentiability of monotone functions, as a Lipschits function
is of bounded variation and hence it can be written as a difference of two monotone
functions). This result is sharp in the sense that for every set A ⊂ R there is a
Lipschitz (even monotone) function f : R→ R which fails to have a derivative at any
point of A. Lebesgues result was extended to Lipschitz functions f : Rn → Rm by
Hans Rademacher, who showed that in this case f is also differentiable a.e. (however,
this result is not as sharp as Lebesgues: there are planar sets of measure zero that
contain points of differentiability of all Lipschitz functions f : R2 → R2, as can be
seen by inspection of the arguments in Chapter 12 of this book).

The aim of this book is to contribute to the understanding of the infinite dimen-
sional situation. It is easy to see that in view of the compactness of balls in finite
dimensional Banach spaces both concepts of a derivative, defined above, coincide if
X is finite-dimensional and f is Lipschitz. However, if X is infinite dimensional,
easy examples show that there is a big difference between Gateaux and Frechet
differentiability even for simple Lipschitz functions.

In the formulation of Lebesgue’s theorem there appears the notion of a.e. (al-
most everywhere). If one considers infinite dimensional spaces and wants to extend
Lebesgue’s theorem to functions on them, one has first to extend the notion of a.e.
to such spaces. In other words, one has to define in a reasonable way a family of
negligible sets on such spaces. (These sets are also often called exceptional or null.)
The negligible sets should form a proper σ-ideal of subsets of the given space X,
that is, be closed under subsets and countable unions, and should not contain all
subsets of X. Since sets that are involved in differentiability problems are Borel, one
can equivalently consider σ-ideals of Borel subsets of X. It turns out that this can
be done in several nonequivalent ways (in fact in this book the authors are led to an
infinite family of such σ-ideals). Thus the study of derivatives of functions defined
on Banach spaces leads in a natural way to questions of descriptive set theory.

In the study of differentiation of Lipschitz functions on Banach spaces, one ob-
stacle has been apparent from the outset: there are spaces Y and Lipschitz functions
f : R → Y which are nowhere differentiable. The good Banach spaces Y so that
Lipschitz maps from R to Y have a derivative a.e. are now called spaces with the
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Radon-Nikodym property (or RNP spaces). The reason for this terminology is that
one of their characterizations is that a version of the Radon-Nikodym theorem holds
for measures with values in them. The theorem of Lebesgue can be extended to
Gâteaux differentiability of Lipschitz functions from an open subset of a separable
Banach space into Banach spaces with the RNP. This was done by various authors
independently in the 1970s by using different σ-ideals of negligible sets. The proofs
are not difficult, and it can be said that the situation concerning the existence of
Gateaux derivatives is at present quite satisfactory.

By contrast, the question of existence of Frechet derivatives seems to be much
deeper and the current knowledge concerning it is rather incomplete. The most
fundamental result known in this line was established in 1990 by D. Preiss, and
asserts that if f : G→ R is a Lipschitz function defined on a nonempty open subset
of an Asplund space X, then f has points of Fréchet differentiability. Moreover, for
any a, b ∈ G for which the segment [a, b] lies entirely in G and every ε > 0 there is an
x ∈ G at which f is Fréchet differentiable and f ′(x)(b−a) < f(b)−f(a)+ε. (Recall
that X is an Asplund space if Z∗ is separable whenever Z is a separable subspace
of X). The proof of this theorem is quite hard, as are those of most known results
in this direction, and it is not clear whether they could be considerably simplified
(although Chapters 7 and 12 of this book provide a more natural proof of Preiss’s
theorem, based on a new variational principle).

Perhaps the best known and most important open question about differentia-
bility of Lipschitz mappings is whether every countable collection of real-valued
Lipschitz functions on an Asplund space has a common point of Fréchet differen-
tiability. Optimistic conjectures would assert Fréchet differentiability of Lipschitz
functions almost everywhere with respect to a suitable proper σ-ideal of exceptional
sets (or null sets). Based on what the authors currently know (including the results
proved in this book), an optimistic differentiability conjecture may be stated in the
following way.

Conjecture. In every Asplund spaceX there is a nontrivial notion of exceptional
sets such that, for every locally Lipschitz map f of an open subset G of X into a
Banach space Y having the RNP:

(C1) f is Gâteaux differentiable almost everywhere in G.
(C2) If S ⊂ G is a set with null complement such that f is Gâteaux differentiable

at every point of S, then Lip(f) = supx∈S ‖f ′(x)‖.
(C3) If the set of Gâteaux derivatives of f attained on some E ⊂ G is norm

separable, then f is Fréchet differentiable at almost every point of E.

A large part of this book is devoted to investigate the question as to what extent
this Conjecture might be true. There is very little evidence for validity of this
Conjecture in the generality given above. On the positive side it holds if Y = R
and, as shown in Chapter 6, it also holds for some infinite dimensional spaces X.
On the negative side, it is unknown even whether every three real-valued Lipschitz
functions on a Hilbert space have a common point of Frechet differentiability. The
fact that every two real-valued Lipschitz functions on a Hilbert space have a common
point of Frechet differentiability is one of the important new results the authors prove
here. Moreover, as far as the authors know, the Conjecture fails with any known
nontrivial σ-ideal of subsets of infinite dimensional Hilbert spaces.

In any detailed study of Frechet differentiability one immediately encounters the
notion of porous sets (and of σ-porous sets that are their countable unions). A set
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E ⊂ X is porous if an only if the function x 7→ dist(x,E) is Frechet nondifferentiable
at any point of E. Equivalently, E is porous if there is 0 < c < 1 such that for every
x ∈ E and every ε > 0 there is a y ∈ X with 0 < dist(x, y) < ε and

B(y, cdist(x, y)) ∩ E = ∅.
It follows that porous sets have to belong to the σ-ideal hoped for in the above
Conjecture

For a class of the null sets (the so-called Γ-null sets, defined in Chapter 5) the
authors show that (C1) and (C2) hold, and that (C3) holds for the given space X
if and only if every porous subset in X is Γ-null. This shows that the problem of
smallness of porous sets is related to the problem of existence of Frechet differentia-
bility points of Lipschitz functions. One of the contributions of this text is to bring
better understanding of this relation.

The statement (C2) is a weak form of the mean value estimate. Although it is
stated for vector-valued functions, it can be equivalently asked only for real-valued
functions (as the general case follows by considering x∗ ◦ f for a suitable x∗ ∈ X∗.
One can argue that without the validity of this statement a differentiability result
would not be very useful. For vector-valued functions there is, however, a stronger
mean value estimate, the one that one would obtain by estimating in the Gauss-
Green divergence theorem the integral of the divergence by its supremum. This
concept, which the authors call call a multidimensional mean value estimate, is
explained in detail in the last section of Chapter 2.

The main results of this book give a fairly complete answer to the question under
what conditions all Lipschitz mapping of X to finite dimensional spaces not only
possess points of Frechet differentiability, but possess so many of them that even the
multidimensional mean value estimate holds. It turns out that this property is much
stronger than the mere existence of points of Frechet differentiability: for example,
for mappings on Hilbert spaces the property holds if the target is two-dimensional,
but fails if it is three-dimensional. In this respect, those readers whose main interests
are in Hilbert space theory will thank the authors for having included (in their final
Chapter 16) a separate, essentially self-contained, nonvariational proof of existence
of points of Frechet differentiability of R2-valued Lipschitz maps on Hilbert spaces.
Even then, some readers interested in the much stronger results of Chapter 13 may
find useful that it covers some of the basic ideas in a substantially simpler way.

All in all, this is a very deep and complete study on the differentiability of
Lipschitz mappings between Banach spaces, an unavoidable reference for anyone
seriously interested in this topic.


