
One of the main topics in the book is Dirichlet series. A Dirichlet series is a (in principle formal)
series of the form

∑
ann

−s, where the coefficients are complex numbers and s is a complex variable. It
is known since the 19th century that such series converge on half-planes and there define holomorphic
functions. The study of the analytical properties of the functions defined by Dirichlet series lived a
blooming moment in the first third of the 20th century, with contributions of Bohr, Hardy, Riesz and
Landau among others. The state of the art at that moment was collected in a remarkable monograph
by Hardy and Riesz [Hardy, G. H.; Riesz, M. The general theory of Dirichlet’s series. Cambridge Tracts
in Mathematics and Mathematical Physics 18. Cambridge: Cambridge University Press (1915)].

For a given Dirichlet series Harald Bohr considered four abscissas: σc, σb, σu, σa which define the
biggest half-planes where the series, respectively, converges (and defines a holomorphic function),
defines a bounded holomorphic function, converges uniformly and converges absolutely. His main
interest within this area was to study the interplay between these abscissas. His two main contributions
where to show that σu = σb (fact that sometimes is now known as Bohr’s theorem), and to state the
problem (now known as Bohr’s problem) of determining the maximal distance between σa and σu (that
is, the maximal width of the band where a Dirichlet series can converge uniformly but not absolutely).
In this line he established a deep relation between Dirichlet series and formal power series of infinitely
many variables (which would later be understood as infinite dimensional holomorphy and harmonic
analysis on the infinite dimensional polytorus).

After the 1930s this area lost interest and was in some sense forgotten (apart from fundamental,
but somewhat isolated work by Helson in the 1960s relating Dirichlet series with Fourier series), until
the mid 1990s when the works of Queffélec [Queffélec, H. H. Bohr’s vision of ordinary Dirichlet series;
old and new results. J. Anal. 3 (1995), 43–60] and Hedenmalm, Lindqvist and Seip [Hedenmalm, H.;
Lindqvist, P.; Seip, K. A Hilbert space of Dirichlet series and systems of dilated functions in L2(0, 1).
Duke Math. J. 86 (1997), no. 1, 1–37] again called the attention on Dirichlet series, looked from the
point of view of functional and harmonic analysis. This meant a sort of revival of the topic, and the
connections between these three areas have been ever since studied and deeply understood, and new
connections have appeared as a result of this research.

This new approach to the theory of Dirichlet series with the point of view and modern tools
of analysis have already been compounded with different approaches in the monographs by Helson
[Helson, H. Dirichlet series. Henry Helson, Berkeley, CA, 2005. ISBN: 0-9655211-6-8] and Queffélec
and Queffélec [Queffélec, H.; Queffélec, M. Diophantine approximation and Dirichlet series. Harish-
Chandra Research Institute Lecture Notes, 2. Hindustan Book Agency, New Delhi, 2013. ISBN:
978-93-80250-53-3].

This book is a big contribution in this line, focusing on Bohr’s problem and its connections with the
theory of holomorphic functions on the open unit ball Bc0 of the Banach space c0 of all null sequences
and harmonic analysis on the infinite dimensional polytorus T∞. It goes from the classical results
by Bohr (with a modern point of view) to the new contributions from the last 25 years. Also, some
problems that appeared in the sides of functional and harmonic analysis motivated by the relation
with Dirichlet series (although not directly connected with them) are considered. The book deals
with three main subjects: Dirichlet series, infinite dimensional holomorphy and harmonic analysis,
but also other topics come into play (mainly as tools for the development of the theory), such as
analytic number theory, probability theory on Banach spaces, normed theory of tensor products or
local Banach space theory.

The book consists of 26 chapters, that can be grouped into two main blocks. The first one (chapters
1–13) develops the classical theory, explaining in detail the relationship between Dirichlet series,
holomorphic functions on the n-dimensional polydisc Dn and on Bc0 , and Hardy spaces on the finite
and infinite dimensional polytorus (Tn and T∞, respectively). The second block comprehends chapters
18 to 26 and shows further developments of some of the issues already treated in the first block. These
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developments go essentially in two directions: on the one hand, they consider functions defined on the
unit ball of Cn induced with certain norms (typically ‖ · ‖p-norms) and of some infinite dimensional
Banach sequence space (typically `p-spaces) instead of Dn or Bc0 (in this case the connection with
Dirichlet series is lost). On the other hand, Dirichlet series and functions taking values in some
arbitrary Banach space are considered. As a bridge between these two blocks we find a ‘toolbox’
(chapters 14–17) that develops some basic theory (on holomorphic functions on infinite dimensional
spaces, tensor products and random polynomials) needed to proceed to the second block. It should
be mentioned that the first block is rather self-contained, and only some basic knowledge on function
theory of one complex variable and functional and classical Fourier analysis is assumed. The proofs
are detailed and can be followed by young researchers. The second block, however, is more demanding
in this sense. The writing tends to be more concise, and often refers to techniques and proofs already
presented in the first block. The toolbox can be read independently as an introduction to the three
topics. It can be skipped by the reader that is already familiar with them.

The book pivots around a number of topics that evolve all along the text, appearing over and over
again, each time in a slightly different manner.

Dirichlet series. This is one of the main topics. They are introduced in chapter 1, where the ab-
scissas σc, σb, σu, σa are defined, and some basic properties and Bohr’s theorem (σu = σb) are proved.
A functional analysis point of view comes this early, introducing the Banach space H∞ of Dirichlet
series that define a bounded holomorphic function on the half-plane [Re > 0] of complex numbers with
positive real part. In chapter 11 Hardy spaces of Dirichlet series Hp are introduced. It is shown that
a Dirichlet series belong to a given Hardy space if and only if every translation does, and moreover
the norms of these translations are uniformly bounded. Dirichlet series taking values on some Banach
space X (that is, with coefficients an ∈ X) are considered in chapter 24. Spaces of vector-valued
Dirichlet series are defined, following the same idea as in the scalar-valued case. An interesting feature
appears in this case. There are two possible ways to extend the space H∞: as those Dirichlet series
defining bounded holomorphic functions on [Re > 0] (denoted by D∞(X)) or as a Hardy space of
Dirichlet series (denoted H∞(X)). In the scalar-valued case (i.e. if X = C) both spaces coincide, but
in the general case this may not be the case. It happens if and only if X has the analytic Radon-
Nikodym property.

Infinite dimensional holomorphy. This is another main topic in the book. This theory has a
story which is somewhat similar to that of Dirichlet series. Initiated by Hilbert, it began to develop
at the beginning of the twentieth century until the end of the 1930s, when Dunford, Taylor and Zorn
were the most prominent representatives. But then the mathematical community lost its interest, and
it took almost 40 years before under the leadership of Aron, Dineen and Mujica (all of them members
of Nachbin’s school) a renaissance took place – very much influenced by modern functional analysis.
This new view of the subject is best reflected in Dineen’s book [Dineen, S. Complex analysis on infinite
dimensional spaces. Springer Monographs in Mathematics. Springer-Verlag London, Ltd., London,
1999. ISBN: 1-85233-158-5]. Actually, one of the key elements in the (above mentioned) paper
of Hedenmalm, Lindqvist and Seip was the isometric isomorphism, obtained by Cole and Gamelin
[Cole, B.J.; Gamelin, T.W. Representing measures and Hardy spaces for the infinite polydisk algebra.
Proc. London Math. Soc. (3), 53(1) (1986), 112–142], of the Banach algebra H∞(Bc0) of bounded
holomorphic functions on Bc0 and the Hardy space of bounded functions on the infinite dimensional
polytorus.

Chapter 2 is devoted to the definition and study of basic properties of H∞(Bc0). Here the approach
to holomorphy is slightly different to the usual one in the area. Instead of defining holomorphic
functions as uniform convergent series of continuous homogeneous polynomials, a function is said
to be holomorphic if it is Fréchet differentiable at every point. Every holomorphic function on Bc0
defines a (unique) family of coefficients (cα(f))α, where α runs on the set (denoted N(N)

0 ) of tuples of
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non-negative integers of arbitrary length. Given a family of complex numbers (cα)
α∈N(N)

0

the question

arises of when there exists f ∈ H∞(Bc0) so that cα(f) = cα for every α. This question is answered
by what in the book under review is called Hilbert’s criterion, that gives a complete characterization.
A function f : Bc0 → C is said to be analytic if there is a family of complex numbers (cα)

α∈N(N)
0

so that f(z) =
∑

α cαz
α for each z ∈ Bc0 . It is shown that every bounded analytic function on

Bc0 is holomorphic, whereas (in contrast to what happens for functions of finitely many variables)
the converse may not be true. In chapter 2 also an introduction to homogeneous polynomials and
multilinear mappings on c0 and polarization is made.

Chapter 13 deals with holomorphic functions defined on `2 ∩ Bc0 . Hardy spaces Hp(`2 ∩ Bc0) of
such functions are defined and studied.

Chapter 15 gives a quite complete introduction to the general theory of holomorphic functions on
infinite dimensional Banach spaces, again taking Fréchet differentiability as definition. As a sort of
first step functions of finitely many variables (on Reinhardt domains of Cn) are considered. A proof of
Hartogs theorem (a function is holomorphic if and only it is separately holomorphic) based on Leja’s
lemma is provided. Holomorphic functions on a Reinhardt domain of an arbitrary Banach sequence
space come as a second step. It is shown that each such function defines a unique family of coefficients
(cα(f))

α∈N(N)
0

. Every analytic function on a Reinhardt domain is holomorphic. For functions on an

open set of an arbitrary Banach space, the relations between Fréchet and Gâteaux differentiability,
and of these with weak holomorphy are carefully analyzed. Some of the basic theorems in the the-
ory (Weierstrass, Montel, Dunford) are proven. Homogeneous polynomials, multilinear mappings and
polarization, as a fundamental tool to approach holomorphy, are also studied in detail. Chapter 21
shows that the space of continuous m-homogeneous polynomials on an infinite dimensional Banach
space X (denoted Pm(X)) can never have an unconditional basis, for any m ≥ 2.

Harmonic analysis on the infinite dimensional torus. This is the third pillar upon the
text lies. It comes for the first time in chapter 5, where the Hardy spaces Hp(T∞) are defined for

1 ≤ p ≤ ∞ as consisting of those f ∈ Lp(T∞) for which each Fourier coefficient f̂(α) is 0 whenever
α (which in principle is a tuple of integers) has some negative coordinate. It is proved that (as in
the one variable case) the spaces H∞(Bc0) and H∞(T∞) are isometrically isomorphic. One of the
main tools for the proof is the Poisson kernel. A similar question is addressed in chapter 13, where
it is shown that Hp(`2 ∩ Bc0) and Hp(T∞) are isometrically isomorphic as Banach spaces. Here the
main tools are the Cole-Gamelin inequality and a version of the brothers Riesz theorem (proved here
with an original approach using Dirichlet series). This issue is handled again in chapter 24, where
Hardy spaces of vector-valued functions are considered. Again the question arises of whether or not
the spaces Hp(T∞, X) and Hp(`2 ∩ Bc0 , X) are isometrically isomorphic. This happens if and only if
X has the analytic Radon-Nikodym property.

Bohr’s vision. This refers to the connection between Dirichlet series and formal power series
of infinitely many variables discovered by Bohr with a rather ingenious idea based on the prime de-
composition of the natural numbers: for every n ∈ N there exists a unique α = (α1, . . . , αk) ∈ Nk0
so that n = pα1

1 · · · p
αk
k (where p1 < p2 < p3 < . . . denote the prime numbers). With this, every

family (cα)
α∈N(N)

0

defines a sequence (an)n∈N just by doing an = cα whenever n = pα1
1 · · · p

αk
k . This

defines a bijection (called Bohr transform) between the space of formal power series and the space
of formal Dirichlet series. Bohr’s transform turns out to be much more than a formal trick. It is
carefully studied in chapter 3, where the main result proves that it defines an isometric isomorphism
between H∞ and H∞(Bc0). This idea is used again in chapter 11 to define the Hardy spaces Hp of
Dirichlet series as the image through the Bohr transform of Hp(T∞). In chapter 24 the Bohr transform
for vector-valued Dirichlet and power series is considered, establishing also in this case a connection
between vector-valued Dirichlet series and functions.
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Bohr’s problem. As mentioned before, Bohr’s main interest was to determine the maximal pos-
sible distance between the abscissas of uniform and absolute convergence. To handle this problem the
number S = sup{σa − σu : Dirichlet series} is defined in chapter 1, and it is shown right away that
S ≤ 1/2. The solution comes in chapter 4, proving that in fact S = 1/2. In chapter 9 a closer look
at this result is given. Reformulated S as the sup{σa : Dirichlet series in H∞}, what the solution to
Bohr’s problem says is that

∑∞
n=1 |an|

1
n1/2+ε converges for every ε > 0 and all Dirichlet series in H∞.

This closer look shows that in fact ε = 0 can be taken and, moreover, the 1 in the numerator can
be replaced by some strictly positive sequence. In chapter 12 a version of Bohr’s problem for Hardy
spaces Hp is formulated, defining Sp for 1 ≤ p < ∞ and showing that, again, Sp = 1/2 for every p.
Bohr’s problem reappears at the end of the book, in chapter 26, with a formulation for vector-valued
Dirichlet series.

Convergence of power series. The problem here is to determine, for a family of formal power
series

∑
cαz

α in infinitely many variables, the set of all z’s satisfying that
∑
|cαzα| converges for

every series in the family. This is called the set of monomial convergence of the family and denoted
mon. Chapter 10 deals with the set of monomial convergence of H∞(Bc0) (that is, those z’s satis-
fying that

∑
|cα(f)zα| converges for every f ∈ H∞(Bc0)). Although no complete characterization is

achieved, a pretty accurate description (with lower and upper inclusions) is given. It is also shown
that monPm(c0) is exactly the Marcinkiewicz sequence space ` 2m

m−1
,∞. In Chapters 12 and 13 the set

of monomial convergence of the Hardy spaces Hp(T∞) and Hp(`2 ∩ Bc0) for 1 ≤ p < ∞ is described,
showing that it coincides with `2 ∩ Bc0 . Chapter 20 comes back to this problem, studying the set of
monomial convergence of polynomials on a Banach sequence space and bounded holomorphic functions
on a Reinhardt domain of a Banach sequence space. Rather accurate results are obtained for homoge-
neous polynomials on `p-spaces and bounded holomorphic functions on the open unit ball of `p-spaces.

The Bohnenblust-Hille inequality. This is another main tool all along the text. It is proved
in chapter 6, and states that for every m there exists a constant Cm ≥ 1 such that for every n and
every polynomial P (z) =

∑
cαz

α of n variables of degree m we have(∑
|cα|

2m
m+1

)m+1
2m ≤ Cm sup

z∈Dn
|P (z)| ,

and the exponent is optimal. An important tool in the proof is the version of Khinchin’s inequality
for Steinhaus random variables, which is interesting by itself. A good control on the growth of the
constant Cm with m allows finer applications. The original proof is refined in several steps along the
text to show first that one can take C > 1 so that Cm ≤ Cm for every m (this is done in chapter 8, with
application to the estimation of the Bohr radius) and even (in chapter 10, applied to sets of monomial
convergence) that Cm ≤ C

√
m logm for every m. Chapter 18 shows an analogous set of inequalities

(sometimes known as Hardy-Littlewood inequalities), where Dn is replaced by the open unit ball of
Cn with some ‖ · ‖p-norm. This is extended in chapter 25, where analogous inequalities are given for
vector-valued polynomials, relating them with the theory of summing operators.

Bohr radius. For each n ∈ N the nth Bohr radius is defined in chapter 8 as

Kn = sup
{

0 < r < 1: sup
z∈rDn

∑
α∈Nn

0

|cα(f)zα| ≤ sup
z∈Dn

|f(z)| for every bounded holomorphic f : Dn → C
}
.

It is proved that K1 = 1/3, and that Kn decays to 0 asymptotically as
√

logn
n . The improvement of

the growth of the Bohnenblust-Hille constant allows to prove in chapter 10 that the quotient between
these two quantities actually tends to 1. In chapter 19 a Bohr radius is defined considering functions
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on the open unit ball of Cn with the ‖ · ‖p-norm, and it is shown that this behaves asymptotically

as
( logn

n

) 1
min{p,2} . Chapter 22 comes back to this result with the techniques developed in the previous

chapter, framing it (with the use of local Banach space theory) into the more general idea of the Bohr
radius of an arbitrary Reinhardt domain.

Finally, the authors list some other topics that are used as tools and that have concise introductions
in which only what is strictly needed in the text is proved. Random polynomials on Banach spaces: in
chapters 7 (focused on the Kahane-Salem-Zygmund inequality and variants) and 17 (with polynomials
defined on the open unit ball of Cn with the ‖ · ‖p-norm). Tensor products: chapter 16 (a succinct
introduction to the projective and injective norms on multilinear tensor products and their symmetric
variants). The analytic Radon-Nykodim property: briefly appeared in chapter 11 and studied with
more detail in chapter 23 (with some comments on subharmonic functions and Hardy-Littlewood
maximal function).

The book is very carefully written and all results have a detailed proof. Every chapter ends with
a very interesting section of Notes/Remarks where credits are given to the authors of the different
results in the chapter.
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