
In 1999, Nik Weaver published the first edition of Lipschitz Algebras, showing that spaces

and algebras of Lipschitz functions deserve a prominent place along with other classical

spaces of continuous functions or measurable functions. His monograph became the standard

reference on the topic. Given a metric space (X, ρ), there are two natural classes of spaces

to be considered: the space Lip(X) of all bounded real-valued Lipschitz functions on X, or,

if X is a pointed metric space, the space Lip0(X) of all real-valued Lipschitz functions which

vanish at the base point. As explained by the author in the preface of the second edition,

the algebraic aspect of Lipschitz space structure is rich and interesting. For example, let us

mention that Lip0(X) is a dual space and its predual, Æ(X), so-named after Arens and Ells,

is the universal Banach space generated by an isometric copy of X. With respect to Lip(X),

its unit ball is a completely distributive lattice; focusing on the algebra structure, every

unital commutative algebra A naturally maps into a Lipschitz algebra through the Gelfand

transform: denoting ∆(A) the spectrum of A -the set of all nonzero homomorphisms from

A to R- the Gelfand transform takes A into Lip(∆(A)), giving ∆(A) the inherited metric.

When the author chose the title for the first edition, he considered that the algebraic aspect

would be the arena for future advances. Twenty years later, it is a fact the important role

played by the algebraic structure in areas of substantial progress related to Lipschitz spaces,

as differentiability in metric measure spaces, Dirichlet forms, and quantum metrics. All these

topics have been included in this second edition, giving as a result a very interesting text,

useful for researchers, which can be considered much more than an update of the previous

material and gives a profound insight about the main topics related to this subject.

The monograph consists of eleven chapters, reorganizing and completing the contents of

the first edition, and including recent advances in the theory of Lipschitz functions. The

title of the chapters are listed here.

1. Lipschitz functions. 2. Lipschitz spaces. 3. The Predual. 4. Little Lipschitz Spaces, I.

5. Linearization. 6. Lattice Structure. 7. Algebraic Structure. 8. Little Lipschitz Spaces,

II. 9. Measurable Metrics. 10. Derivations. 11. Quantum Metrics.

The first chapter has introductory character, covering the basic notions of metric spaces

and scalar-valued Lipschitz functions, their differentiability on subsets of Rn and many

illustrated examples.

In Chapter 2, both Lip(X) an Lip0(X) are introduced. Given a metric space (X, ρ), the

Lipschitz space Lip(X) is the Banach space of all bounded Lipschitz functions f : X → R,

endowed with the norm

‖f‖L := max{L(f), ‖f‖∞}

where L(f) is the Lipschitz constant of f and ‖f‖∞ its sup norm. When X is pointed

and e is its base point, the pointed Lipschitz space Lip0(X) is the Banach space of all real

Lipschitz functions f : X → R such that f(e) = 0, endowed with the norm given by the
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Lipschitz constant. One of the main tools in the study of Lipschitz spaces is de Leeuw’s

map Φ. If X̃ := {(x, y) ∈ X ×X : x 6= y}, define Φ : Lip0(X)→ Cb(X̃) by

Φ(f)(x, y) =
f(x)− f(y)

ρ(x, y)
, (x, y) ∈ X̃ , f ∈ Lip0(X)

Such map Φ is studied from the linear, metric and topological points of view, and applied to

show that Lip0(X) is a dual space, among others. Lipschitz gauges, the notion of distortion,

and the study of the extreme points of the unit ball of Lip0(X) complete the chapter.

Chapter 3 is devoted to problems related to Lip(X) and Lip0(X) as dual spaces: the

explicit construction of the Arens-Ells predual Æ(X) of Lip0(X), the problem of predual

uniqueness -still open for Lip0(X)-, the existence and characterization of weak∗ extreme

points, and the classification of linear isometries of Lipschitz spaces.

Chapter 4 concerns the little Lipschitz spaces. They are related to the notion of (local)

flatness. When X is compact, a function f : X → R is said to be flat if for any ε > 0

there exists δ > 0 so that ρ(x, y) < δ implies |f(x) − f(y)| < ε · ρ(x, y). For a compact

metric space X, spaces lip(X) and lip0(X) are, respectively, the subspaces of flat functions

of Lip(X) and Lip0(X). Basic properties of these spaces are proved by means of de Leeuw’s

map, and the notion of flatness is extended to boundedly compact spaces. It is explored

under which conditions Lip0(X) is the double dual of lip0(X). Some Banach-Stone theorems

are obtained in the context of little Lipschitz spaces, using duality results and the linear

isometries of the previous chapter.

In Chapter 5, the problem of linearizating Lipschitz maps f : V → W between Banach

spaces is discussed. Here, the author makes use of technical notions as linear shadow of f

(given another Banach space W ′, a linear shadow is a bounded linear map T : W → W ′ so

that T ◦ f is linear) and linear surrogate of a Lipschitz map f (i.e, a bounded linear map

F : V →W such that ‖T‖ ≤ L(f), and T ◦F = T ◦f whenever T ◦f is linear). For a Banach

space V , the predual Æ(V ) provides a substantive example of linear shadow through the

isometric embedding ι : V → Æ(V ). Particular results are obtained for separable Banach

spaces, including the existence of a linear isometric embedding of V in W if V is separable

and embeds isometrically in W .

Chapter 6 pays attention to the lattice structure of Lip0(X), focusing on its linear com-

plete sublattices and complete bands, as well as completely distributive lattices. Since

complete lattices are those that can be completely embedded in a power of the unit interval,

here the author enriches the general theory of complete distributive lattices by means of the

topological analogy.

Weaver turns in Chapter 7 to the algebraic structure on Lip0(X), where X is a pointed

metric space of finite diameter. In this setting, though the product is not submultiplicative,

it is continuous. Since Gelfand only required the product to be continuous in his original
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treatment of Banach algebras, the basic theory goes through. As it was previously proved

for sublattices in Chapter 6, it is obtained a Banach-Stone theorem for order complete

subalgebras of Lip0(X) which separate points uniformly (and also for unital order complete

algebras of Lip(X), whenever X be a metric space of diameter at most 2). Section 7.3

analyzes the spectrum of the algebra Lip0(X), recovering the underlying metric space X

from the algebraic structure of Lip0(X) (more precisely, in terms of its spectrum). The rest

of the chapter includes more refined aspects of the algebraic structure of Lipschitz spaces:

normed closed ideals, point derivations, and spectral synthesis.

After covering the basic linear theory of little Lipschitz spaces in Chapter 4, Weaver

discusses in Chapter 8 their lattice and algebra structure. In particular, conditions under

which a sublattice is dense in little Lipschitz spaces, and properties related to closed bands

and closed ideals. The chapter includes a Stone-Weierstrass type theorem for lip0(X) and

X metric pointed of finite diameter, when the algebra involved separates points uniformly

(respectively, for lip(X) and X of diameter at most 2, when the algebra is unital). In the

last two sections of the chapter, classical sequence spaces c0 and `∞ are viewed as Lipschitz

spaces. More precisely, if X is an infinite compact pointed space, with finite Assouad

dimension and α ∈ (0, 1), then spaces Lip0(Xα) and Lip(Xα) are linearly homeomorphic,

respectively, to c0 and `∞.

The bulk of Chapter 9 is based on papers by Weaver, including several new results. It is

devoted to measurable metric spaces, which are a generalization of metric spaces, introduced

with the purpose of defining metrics on measure spaces rather than sets. This measure

theoretical setting is essential to the treatment of differentiation, as exposed in Chapter

10. The basics are established in the first three sections, and the development is covered in

the rest of the chapter: Lipschitz functions, Lipschitz spaces, Lipschitz gauges, algebra and

lattice structures are defined and studied in this context.

Chapter 10 is devoted to derivation. It delves into the relation between derivations

and metric spaces, mediated by Lipschitz functions, explaining how de Leeuw’s map is

a prototype for a general connection between derivations and metrics. Since an abstract

derivation is a map from a ring R into an R−R-bimodule, first section addresses the

necessary study of L∞-modules. The chapter includes a section of examples for which

the set of weak∗ continuous derivations are described, and two more sections devoted to

the Sierpinski gasket and Wiener spaces. These sections complete the more technical ones

dealing with exterior derivative for extended measurable metric spaces, locally controlled

oscillation, and Dirichlet forms.

In the last chapter, the author gives an overview of quantum metrics, introducing the ap-

propriate notions in this noncommutative setting: quantum relations and quantum metrics

on von Neumann algebras. He also presents nonabelian examples, and defines the concepts
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of spectral Lipschitz numbers and commutation Lipschitz numbers. In contrast to spec-

tral, commutation Lipschitz numbers interact well with linear and algebraic structure; these

numbers can be studied by means of a noncommutative version of de Leeuw’s map. Notice

that most of the results in this chapter are exposed without proof.

The book is very well written by one of the leading figures in the subject. It is self-

contained, includes relevant recent advances and is enriched by a large number of examples

and illustrations. In addition to the general bibliography, each chapter includes a section of

notes, which details the authorship of the main results, and provides useful hints for further

readings. Undoubtedly, this edition will be received by researchers with the same success as

the first one.


