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An n-dimensional crystallographic group Γ is a discrete subgroup of the group O(n)nR
of isometries of Rn having a compact fundamental domain. This means that Γ acts
properly discontinuously on Rn and there exists a compact subset K of Rn such that
Rn = Γ ·K. Torsion free crystallographic groups Γ play a special role because the quotient
M := Rn/Γ is a manifold whose fundamental group is Γ. Since this group acts on Rn as
a group of isometries, M inherits a Riemannian structure making it into a flat manifold,
i.e. a manifold with sectional curvature zero. Moreover, any compact flat manifold is
obtained in this way, and many parts of the book under review can be understood as
a dictionary explaining the relationship between the geometric properties of M and the
algebraic properties of Γ.

After a preliminary chapter 1, the second chapter of this excellent book is devoted to
state and prove the three Bieberbach theorems, which explain the algebraic structure of
crystallographic groups. The third of these theorems states that for each fixed n the set
of isomorphy classes of n-dimensional crystallographic groups is finite, and chapter 3 is
devoted to classify them using Zassenhaus’ algorithm. In particular it is presented a full
classification in the bidimensional case, which is classical, and a very detailed study of
the 3-dimensional one is included too. This last seems to be of particular interest because
some recent astronomical observations suggest that the physical universe might actually
be a 3-dimensional flat manifold.

Chapters 4 and 5 are related to Calabi’s method of classification. In particular it
is presented one of the most interesting results in the field, namely, the classification of
the so called primitive groups. Recall that a Bieberbach group is a discrete torsion-free
cocompact group of isometries of Rn, and a finite group is primitive if it can be realized as
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the holonomy group of a Bieberbach group with finite abelianization. It is also worthwhile
mentioning a nice necessary and sufficient condition (obtained by the author of this book)
for the infiniteness of the outer automorphism group of a crystallographic group.

Chapters 6 to 9 have a more specialized character, and collect the most interesting
results in the field from recent years. Again the idea in all these chapters is to exploit the
possibility of translating some geometric conditions on a flat manifold. as the existence of
spin or Kähler structures. into pure algebraic, group theoretic language.

The author proposes very interesting and deep open problems in the last chapter of
the book, which finishes with three appendixes. Appendix A contains a proof due to
M. Gromov of the first Bieberbach theorem. Appendix B is devoted to give a proof of
Burnside transfer theorem, and the last Appendix C presents an example of a Bieberbach
group whose center is trivial and having trivial outer automorphism group.

This very precise and well written text is an extended version of the notes of the
lectures given by the author at Gdańsk University for graduate students in the academic
year 2004/05. It is assumed that the reader knows elementary facts of algebra, group
cohomology and topology. After each chapter some (not at all easy) exercises are proposed.
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