
1. FWF grant project P27816-N26 Polynomials on finite rings

Open PhD position at TU Graz mathematics A department. The department of
mathematics A at Technische Universität Graz offers a PhD position for 3 years with a gross
salary of EUR 27900 per year, funded by FWF grant project P 27816-N26 "Polynomials on
finite rings", supervised by Sophie Frisch, to start in March 2015 or October 2015.
Applications, including CV and a statement describing research interests, should be sent by
e-mail to

frisch@tugraz.at

before February 15, 2015. If the position is not filled by March 2015, further applications
will be considered until May 15, 2015.
Applicants should also arrange for two letters of reference to be mailed to frisch@tugraz.at.

The department and the doctoral program. Doctoral students in mathematics at Tech-
nische Universität Graz will have a particularly rich selection in graduate courses in the areas
of algebra, number theory and discrete mathematics during the next four years, because the
doctoral program in “discrete mathematics”, funded by the Austrian Science Fund FWF, has
just been extended until 2018. This program will bring lots of visiting faculty in the above ar-
eas to Graz, as well as a large cohort of international doctoral students, ensuring a stimulating
research environment. Doctoral students in mathematics at Technische Universität Graz can
also take courses at Karl-Franzens Universität Graz for credit. Courses in the PhD program
are taught in English. See also:

http://blah.math.tu-graz.ac.at/~frisch/
http://http://www.math.tugraz.at/

https://www.math.tugraz.at/discrete/
http://www.uni-graz.at/imawww/

The grant project P 27816-N26 "Polynomials on finite rings" and possible PhD
thesis topics.

Project head Sophie Frisch:
Institut für Mathematik A (Inst. 5010)
Technische Universität Graz
Steyrergasse 30, 8010 Graz, AUSTRIA
email frisch@math.tugraz.at,
http://blah.math.tu-graz.ac.at/~frisch/

Keywords: integer-valued polynomial, polynomial function, Prüfer rings, Krull rings, non-
unique factorization, pro-finite-groups.
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Research interests of Sophie Frisch. The area spanned by algebra, discrete mathematics and
number theory. Special interest: algebras of polynomials – such as rings of integer-valued
polynomials – and the functions induced on commutative rings and algebras by polynomials.
One focus is on connections between algebraic properties of a polynomial algebra and prop-
erties of the polynomial mappings defined by its elements. Another focus is on algebraic and
combinatorial aspects of polynomials with coefficients in a finite ring. The groups of permu-
tations on R/Pn induced by polynomials in R[x], and the pro-finite group which is their pro-
jective limit form a link to group theory. Non-unique factorization in rings of integer-valued
polynomials and rings of polynomials over finite rings forms a link to general factorization
theory in rings and monoids.

Short description of two examples of PhD research projects. .
Project 1: groups of polynomial permutations on Z/pnZ and their projective limit
Fix a prime p and let n ∈ N. Every polynomial f ∈ Z[x] defines a function from Z/pnZ to
itself. If this function happens to be bijective, it is called a polynomial permutation of Z/pnZ.
The polynomial permutations of Z/pnZ form a group (Gn, ◦) with respect to composition.
The order of this group has been known since at least Kempner 1921 to be

|G2| = p!(p− 1)ppp and |Gn| = |G2|p
∑n

k=3β(k) for n ≥ 3,

where β(k) is the least n such that pk divides n!. The sequence (β(k))∞k=1 is easy to generate:
we go through the natural numbers in increasing order and repeat each n ∈ N vp(n) times.
For instance, (β(k))k≥1 for p = 2 is: 2, 4, 4, 6, 8, 8, 8, 10, 12, 12, 14, 16, 16, 16, 16, 18, 20, 20, . . . .
Since Kempner there have been many simplifications and generalizations of the order formulas
to more general finite rings, but the structure of (Gn, ◦) remains elusive. Nöbauer (1982)
represented Gn as a wreath product of the symmetric group on p letters Sp (corresponding to
polynomial functions on Z/pZ) and a group Tn. His representation of Tn is hard to work with,
however. Using a different approach, Frisch and Krenn (2013) have established the number of
Sylow p-groups of Gn as

(p− 1)!(p− 1)p−2

and have given a qualitative description of the Sylow p-groups in terms of the functions that
a polynomial and its formal derivative induce mod p.
There is a natural group-epimorphism πn : Gn+1 → Gn and we denote the projective, or
inverse, limit of the groups Gn by G. The crucial step in determining the Sylow p-groups of
Gn and of G in Frisch and Krenn (2013) was to insert an additional group between G2 and
G1 = Sp in the projective complex of the Gn:

G1
ψ←− H θ←− G2

π2←− G3
π3←− . . .

The Sylow p-groups of G are the inverse images of the Sylow p-groups of H – this is so because
the kernels of πn for n ≥ 2 as well as the kernel of θ are p-groups: |kerπn| = pβ(n+1) and
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|ker θ| = pp. The intersection of all Sylow p-groups of G (the p-core) is the kernel of the
canonical projection G→ H (see Frisch and Krenn (2013)).
One of our goals in this project is to understand the structure of the kernels of the πn. Our
preliminary (unpublished) investigations show that kerπn is elementary Abelian for 2 ≤ n ≤
p+ 1. It remains to investigate the more difficult case n > p+ 1.
Embedding special p-groups in G: The elements of G induce permutations on the ring of p-adic
integers Zp. Since an element of G is a sequence of polynomial functions on Z/pnZ, one might
be led to believe that the elements of G are representable by power series. Not so. There are
many more bijective functions on Zp representable by elements of G than by power-series.
We represent p-adic integers by their digit expansions

∑∞
n=0 anp

n with an ∈ {0, 1, . . . , p− 1}.
Thus we may picture p-adic numbers as paths in an infinite p-regular rooted tree. Since the
permutations of Z/pnZ in G preserve congruences mod pn for all n, the action of G on the
p-adic integers yields a natural representation of G as a subgroup of the automorphism group
of a p-regular rooted tree.
Can we embed in G certain special groups of automorphisms of a p-regular rooted tree, such as,
for instance, the Gupta-Sidki group, or iterated wreath products of cyclic groups of order p?
Preliminary investigations suggest that at least a homomorphic pre-image of the Gupta-Sidki
group can be embedded on G.
We also suggest comparing G to the Nottingham group (in its more general form with coeffi-
cients in a ring – the p-adic integers, in our case – as in Klopsch (2000)). Firstly, one should
find out if G and the Nottingham group share a common normal subgroup which is of finite
index in both, and secondly, one should try to adapt those methods used to show that the
Nottingham group is just infinite to G.
One approach to these embedding questions by attempting to construct polynomials whose
action on certain pn residue classes of Z/pα(pn)Z mimics the standard action of Cp oCp o . . . oCp
on an n-dimensional cube of length p. This would result in the embedding of a homomorphic
pre-image of the iterated wreath product. Here we may draw on techniques for constructing
integer-valued polynomials with a certain action as in Frisch (1999); Cahen et al. (2000).

Summary of Project 1. For Gn the group of polynomial permutations on Z/pnZ and the
projective limit G = lim← Gn, investigate:

• What is the structure of the kernel of π : Gn → Gn−1? Is it elementary Abelian?
• Is G just infinite, i.e., is every non-trivial normal subgroup of finite index?
• What is the relationship of G to the Nottingham group? Do they share a normal
subgroup that is of finite index in each of them?
• Can we embed the Gupta-Sidki group in G? If, not, maybe a homomorphic pre-image
of the Gupta-Sidki group?

Project 2: Prüfer rings and integer-valued polynomials on algebras.



4

Let D be a domain with quotient field K. The ring of integer-valued polynomials on D,
defined as

Int(D) = {f ∈ K[x] | ∀a ∈ D f(a) ∈ D},

and its analogue in n indeterminates, Int(Dn), have been investigated intensively since Pólya,
Ostrowski, and Skolem, and have provided ideal theory with “naturally ocurring” non-Noetherian
Prüfer rings; see the monograph by Cahen and Chabert (1997). Recall that Prüfer ring is the
generalization of Dedekind domain to the non-Noetherian case: D is Prüfer if and only if every
finitely generated ideal is invertible. For instance, Int(Z) is a 2-dimensional non-Noetherian
Prüfer ring.
For Int(D) to be Prüfer, it is clearly necessary for D to be Prüfer. By a result of Cahen,
Chabert and Frisch (Cahen et al., 2000), if D is Prüfer, then Int(D) is Prüfer if and only
if Int(D) has the interpolation property, meaning that every function from D to D can be
interpolated at any finitely many arguments by a polynomial f ∈ Int(D). Apart from this
criterion, there is also an ideal-theoretic characterization of those Prüfer rings D for which
Int(D) is Prüfer, the so-called double-boundedness condition, by Loper Loper (1998).
In recent years, two different generalizations of Int(D) to a possibly non-commutative (torsion-
free) D-algebra A, for instance, A = Mn(D), have attracted attention. The first one is

IntK(A) = {f ∈ K[x] | f(A) ⊆ A}.

For this definition to make sense, we have to specify a larger ring in which both A and K are
embedded. As this ring we take B = K⊗DA, with the canonical embeddings ιA : A→ K⊗DA,
ιA(a) = 1⊗ a and ιK : K → K ⊗D A, ιK(k) = k ⊗ 1.
Integral closure and the Prüfer property in rings of integer-valued polynomials on algebras:
Loper showed that IntQ(Mn(Z)) was not a Prüfer domain, but that its integral closure
IntQ(Mn(Z))′ was Prüfer, thereby showing in an indirect way that IntQ(Mn(Z)) is not inte-
grally closed. Loper and Werner Loper and Werner (2012) then gave an interesting alternative
description of IntQ(Mn(Z))′, namely, IntQ(Mn(Z))′ is equal to IntQ(An), where An is the set of
algebraic integers of degree at most n. Peruginelli Peruginelli proved that the set of algebraic
integers of degree exactly n is polynomially dense in An. Recently, Peruginelli and Werner
have given a description of the integral closure of IntK(A), for more general algebras A.
It seems that for non-commutative A, expecting IntK(A) to be Prüfer is asking too much,
because it may not be integrally closed. Instead, we should ask whether its integral closure
IntK(A)

′ is Prüfer. We suggest investigating this, taking Peruginelli and Werner’s Peruginelli
and Werner’s characterization of IntK(A)′ as a starting point. We also suggest to consider the
connection between polynomial separation of points and the Prüfer property of IntK(A)′. We
say that IntK(A) [resp. IntK(A)′] separates the points of A if for any a 6= b in A, there exists
f ∈ IntK(A) [resp. f ∈ IntK(A)

′] with f(a) = 0 and f(b) = 1.
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We already know that IntQ(Mn(Z)) fails spectacularly to have this property: except in trivial
cases, matrices can never be separated by integer-valued polynomials on matrices. There is
evidence that failure of separation of points is linked to failure of integral closure. We suggest
to make this connection precise, and then to look at separation of points by polynomials in
the integral closure IntK(A)′. Is there a connection to IntK(A)′ being Prüfer, similar to the
criterion of Cahen et al. (2000)? Is there an analogue of Loper’s double-boundedness criterion?

Summary of Project 2: Investigate

• Necessary and sufficient conditions for the integral closure of IntK(A) to be Prüfer
– using the characterization of IntK(A)′ by Peruginelli and Werner Peruginelli and
Werner;
• a possible link betwen the Prüfer property and the point-separation property of IntK(A)′;
• the prime spectrum of IntK(A) for individual algebras A – using the general procedure
of Frisch Frisch (2013);

Researchers in the "Polynomials on finite rings” project. .
Besides the project head Sophie Frisch and the prospective doctoral student, the research
group on “polynomials on finite rings” consists of the following future post-docs:
Roswitha Rissner (supported by FWF-grant P23245-N18) will finish her PhD studies at
the end of the Spring term 2015 and continue to work at the mathematics A department of
TU Graz as a PostDoc in the “polynomial functions on finite rings” project. In her thesis, she
has solved a long-standing problem about strong Skolem properties of rings of integer-valued
polynomials (joint work with P.-J. Cahen Cahen and Rissner) and derived a characterization of
the null-ideal of a matrix over a commutative ring (preprint). The latter result has applications
to integer-valued polynomials on matrix algebras and to linear algebra over commutative
rings. Roswitha Rissner will continue to work on linear algebra over commutative rings and
polynomial functions and integer-valued polynomials on commutative and non-commutative
rings.
Nicholas Werner (Postdoc expected to start at TU Graz in March 2015) is a young ring-
theorist doing highy original work combining commutative and non-commutative ring theory
(Ph.D. from Ohio State University, adivisor K.A. Loper). He is also an expert in topological
methods in ring theory. He complements the faculty of the department in areas such as matrix
algebras and topological methods in algebra and can be expected to teach graduate courses
on these topics.

Collaborating researchers and research groups which PhD students might visit.

• Paul-Jean CAHEN, pauljean.cahen@gmail.com, Université d’Aix-Marseille III, Math-
ématiques, 13397 Marseille Cedex 20, France
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• Leonid VASERSTEIN and Gary MULLEN, Mathematics Department, Pennsylvania
State University, University Park, PA 16802, USA
• Marco FONTANA and Francesca TARTARONE, Dipartimento di Matematica e Fisica,
Universitá degli Studi “Roma Tre”, Roma, Italy.
• Wolfgang HERFORT, Department of Analysis and Scientific Computing, Vienna Uni-
versity of Technology, 1040 Vienna, Austria
• Qifan ZHANG Department of Mathematics, Sichuan University, Chengdu 610064,
P.R. China

Infrastructure A doctoral student in this FWF-project will enjoy library privileges at TU-
Graz and also at KFU-Graz (with its extensive math journal holdings) and have access to
Math Reviews (MathSci Net) and other electronic subscriptions of TU Graz and KFU-Graz.
He or she will be assigned a desk in one of the graduate student offices of the TU Graz math
departments and will find a Linux-machine equiped with TeX/LaTeX and other essential
mathematics software on this desk. TU Graz’s math-department computer network and all
peripherals (such as printers, scanners, etc.) are kept up-to-date and in good working order
by the department’s excellent sysadmin Jochen Resch.
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